Asymptotic of implicit functions if F,, =0
(Vaclav Kotesovec, published 19.1.2014)

Main result:

Theorem (V. Kotésovec, 2013)
With same notation and same conditions as in theorem by Bender (see below), but if F,,, = 0 and F,,,,,, # 0 then
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where I is the Gamma function

r is the radius of convergence

F, is partial derivative of the function F(z,w) at the point [r,s]

E,.w 18 third partial derivative of the function F(z,w) at the point [r,s]

Following theorem by Edward A. Bender is very useful, but is not possible apply it, if second partial derivative

Fyw(r,s) =0
is zero.

Citation: Edward A. Bender, "Asymptotic methods in enumeration™ (1974), p.502, see [1]

THEOREM 5. Assume that the power series w(z) = Z a,z" with nonnegative co-
efficients satisfies F(z, w) = 0. Suppose there exist real numbers r > 0 and s > a,

such that
(i) for some & > 0, F(z, w) is analytic whenever |z| < r+0 and |q| < s + J;
(i) F(r,s) = F(r,s) =0;
(itl) F,(r,s) # 0, and F,, (r,s) # 0: and
(iv) if |z2) < r.|w| < s, and F(z,w) = F (z,w) = 0, then z = r and w = s.
Then

(7.1) a, ~ ((rE)/2nF, )" 202,

where the partial derivatives F, and F,,,, are evaluated at z = r, w = s.

For proof see [1], p.505 and also [2], p.469.

7.3. Proof of Theorem 5. In the region where F is analytic, all singularities
of w(z) are determined by F,, = 0. Since a, = 0, |w(z)| = wilz|). From this and the
hypotheses it is clear that the radius of convergence of the power series for w(z)
is r and that there is only one singularity on the boundary, namely at z = r. By
the Weierstrass preparation theorem (see Markushevich [35, pp. 105-112]), in a
~neighborhood of (r, 5), F behaves like
(7.9) F 4 (w = s)F, + (z — AF, + (w — 5)PF, /2.

where F and its derivatives are evaluated at the point (r,s). Since F = F_ =0,
the zeros of (7.9) are

s+ (20r — 2)FF, )7,
Thus the singulanty is a branch point and (7.1) follows from Theorem 4. Further-
more w(z), viewed as a solution of F(z, w) = 0, is well-defined for z = r; in fact,
wir) = s,

If ,,, = 0, then we must add term E,,,,,,. Taylor series in two variables see [3]. Smaller order terms can be ignored and we have
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Now, final asymptotic follows from following Darboux's theorem

Citation: Edward A. Bender, "Asymptotic methods in enumeration™ (1974), p.498

6. Functions well-behaved on the circle of convergence. Suppose the function
[ has a singularity at o. The singularity is called algebraic if f(z) can be written
as a function analytic near & plus a finite sum of terms of the form

(6.1) (I = z/o)” “g(2),

where g is a function which is analytic and nonzero near « and w is a complex
number not equal to 0, —1, —2, ---. The weight of (6.1) is the real part of w.
The following special case of Darboux’s theorem (see Szegd [53, p. 205)) is con-
venient for handling many generating functions which are well-behaved on the
circle of convergence.

THEOREM 4. Suppose A(z) = ano a,z" is analytic near O and has only algebraic
singularities on its circle of convergence. Let w be the maximum of the weights at
these singularities. Denote by o, w, and g, the values of o, w and g for those terms
of the form (6.1) of weight w. Then
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where r = |a,|, the radius of convergence of A(z), and I'(s) is the gamma function.
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For nonnegative coefficients a,, is final asymptotic following:
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In case of exponential generating function (with help of Stirling's formula)
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Remark: In comparison with original Bender's formula for case E,,,, # 0 (modified for exponential generating function)
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Applications - sequences from the OEIS
A200317
flx,y) = x—y—cos(y) +1

System of the equations:

r+1=s+cos(s) | sin(s) =1
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partial derivatives at the point [r,s]
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Verification:
ListPlot[Table[Azooslv[[n]]/ Ie_ e [_:1:5-3; Gma[g] Lo, 1, 1000)]]
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e n
funs[z ] := A200317[[=] ]/

Do[
Print[
N[Sum[(-1)* (m+j) * funs[j * Floor[Length[A200317] /m]] %

It (m-1)/(3-1) 1/ (m=-3)1%, {3, 1, m}], 4011, {m, 1, 51, 10}]
.000305042741662857527533906742033397601
.000000017153570245500387311873066373242
.000000007018654665455701965073283177878
.000000004058224456481834306715168505208
.000000002836403602844345666835915580867

[ e

.00000000215627318142815806121585150243¢6

Richardson extrapolation used for 1000 terms and convergence is good.
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A143134
f(x,y) = x—y+sin®(y)

System of the equations:

sin?(s) +r =s | sin(2s) = 1

m 1 5= n
) "1
partial derivatives at the point [r,s]
d
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Asymptotic:
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ListPlot[Table[Al43134[[n]]/ ,{n, 1, 1000}]]
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Al143135

System of the equations:

f(x,y) = sin(x +y*) —y

s =sin(s? + 1)

2scos(s?+r)=1

1 ‘= i
T4 2
partial derivatives at the point [r,s]
d 5 1
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d
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E, 099 4y(2 cos(y? + x) y? + 3 sin(y? + 8
i | 55353y 09 | ~HY@ cos? +3) 7+ 35in( + )
Asymptotic:
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In this case is convergence with 1000 terms slow, therefore | added minor asymptotic term yet (computed numerically).

ListPlotH

Table[A143135[ [n] ]/
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A218652

System of the equations:

fx,y) = x+logly*+1)—y

2s
+log(s®+1) = =
r + log(s )=s 211 1
r =1-1log(2) s=1
partial derivatives at the point [r,s]
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Czech abstract:

Pokud neni funkce definovana obvyklym zptisobem jako y=f(x), ale implicitn¢ jako f(x,y)=0, 1ze asymptoticky pribéh koeficientl a,,
mocninné fady, dané touto vytvorujici funkei f, uréit pomoci véty z ¢lanku Edwarda Bendera (1974), viz [1]. Jednim z pfedpokladt
této véty vsak je, aby v bodu extrému [r,s] (ktery je uréen soustavou 2 rovnic) byla druha parcialni derivace podle y nenulova. Pokud
tato podminka neni splnéna, délilo by se v jeho vzorci nulou a vzorec proto nejde v takovém piipadé pouzit.

Muj ¢lanek se zabyva pravé timto pripadem, kdy je druha parcialni derivace, ozna¢ovana jako F,,, rovna nule, ale soucasné tieti
parcialni derivace Fyy je rizna od nuly (pfipadné by bylo mozné zobecnéni i na prvni nenulovou derivaci vyssiho fadu). V tomto
ptipad¢ jsem pomoci vybranych ¢lenll Taylorova rozvoje pro funkce 2 proménnych nejprve uréil chovani funkce v okoli bodu [r,5] a
potom odtud odvodil pro hodnoty (nezapornych) koeficientd a,, asymptoticky vzorec pro tento piipad. K dikazu moji véty jsem
pouzil, stejné jako Bender, jesté jednu pomocnou vétu, jejimz autorem je Darboux. Vysledkem je, Ze koeficienty sekvence rostou
adové o &len n'/° rychleji nez v piipadech, kdy byla druha parcialni derivace nenulova.

Ve druhé c¢asti ¢lanku je véta aplikovana na nékolik sekvenci z OEIS, odvozeny asymptotické vzorce a provedena numericka
verifikace pro prvnich 1000 ¢lend téchto posloupnosti. K tomu je tieba poznamenat, Ze vygenerovani 1000 ¢lent kazdé z téchto
sekvenci trvalo programem Mathematica pfes 30 hodin.

Metoda rozsifuje oblast sekvenci, pro které lze analyticky nalézt asymptoticky priib&h, ktery by se jinak hledal velmi obtizné nebo by
byl mozny jen numericky odhad.
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